
Approximately conserved 
quantities in GR

Berend Schneider



Conserved quantities associated with the 
wave equation

𝜕𝑢𝜕𝑣 𝑟𝜙 = −𝑙 𝑙 + 1
𝑟𝜙

𝑟2

𝜕𝑢 𝑟−2𝑙𝜕𝑣 𝑟2𝜕𝑣
𝑙 𝑟𝜙 = 0



You will learn:

Part 1: Why should you care? 

• The application: asymptotics of the wave equation

Part 2: What are NP constants?

• A slightly more formal derivation

Part 3: How to generalize NP constants to non-flat spaces

• Conformal trickery



Why you should care

ℐ+

ℐ−𝜙 ~ |𝑡|−1

𝜕𝑣 𝑟𝜙 ~𝑚 𝑟−3 log 𝑟

Kehrberger, L. The Case Against Smooth Null Infinity I



Why you should care

ℐ+

ℐ−

𝜕𝑢𝜕𝑣 𝑟𝜙 = 𝑂 𝑟−3 𝑟𝜙

𝜕𝑢 𝜕𝑣



NP-like charges in Kerr



What are NP constants?

ロϕ𝑘 = þ𝑐
′ þ𝑐 − ð′ð ϕ𝑘

ロϕ𝑘
𝑙=𝑠 = 0 and  ð′ðϕ𝑘

𝑙=𝑠 = 0 ⟹ þ𝑐
′ þ𝑐ϕ𝑘

𝑙=𝑠 = 0



What are NP constants? II: Higher modes

[ロ,ð′†þ𝑐] = 0 and  ð′†𝑠𝑌𝑙 ∝ 𝑠+1 𝑌𝑙

⟹ þ𝑐
′ þ𝑐ð

′†þ𝑐ϕ𝑘
𝑙=𝑠+1 = 0

⟹ þ𝑐
′ þ𝑐 ð′†þ𝑐

𝑙−𝑠
ϕ𝑘
𝑙 = 0



What are NP constants? III: A picture

þ𝑐
′ þ𝑐 ð𝑐

′†þ𝑐
𝑙−𝑠

ϕ𝑘
𝑙 = 0

ℐ+ℐ+

𝜙 = 0 𝜙 = 0

𝜙 = 0



Generalized NP charges

Non-conformal quantities

𝜌 = 𝑂 𝑟−1

𝜏 = 𝑂(𝑟−2)

þ

ð

Conformal quantities

𝜌 − ҧ𝜌 = 𝑂(𝑟−2)

𝜏 − ҧ𝜏′ = 𝑂(𝑟−3)

þ𝑐 ≔ þ + 𝑤 − 𝑏 𝜌 − 𝑞 𝜌 − ҧ𝜌

ð𝑐 ≔ ð + 𝑤 − 𝑠 𝜏 + 𝑞(𝜏 − ҧ𝜏′)



Generalized NP charges

ロ≔ (þ′− ҧ𝜌′)(þ− (1 + 2𝑠)𝜌) − (ð′ − ҧ𝜏)(ð − (1 + 2s)𝜏)
= þ𝑐

′ þ𝑐 − ð𝑐
′ ð𝑐

[ロ,ð𝑐
′†þ𝑐] = 6𝑠Ψ2ð𝑐

′†þ𝑐 = 𝑂(𝑟−3)



Generalized NP charges

𝑄𝑙 = þ𝑐 ð𝑐
′†þ𝑐

𝑙−𝑠
ϕ𝑘
𝑙

þ𝑐
′𝑄𝑙 = ෍

𝑛=𝑠+1

𝑙

6𝑛 ð𝑐
′†þ𝑐

𝑙−𝑛
Ψ2 ð𝑐

′†þ𝑐
𝑛−𝑠

ϕ𝑘
𝑙 = 𝑂 𝑟−3−𝑚 þ𝑐

𝑚ϕ𝑘
𝑙



Thank you for listening!
Questions?


