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Introduction and Motivation

In general relativity, the equivalence principle motivates the hypothesis that freely-falling test particles follow geodesics. At first glance, this geodesic hypothesis seems to
be independent of the central equation of general relativity, the Einstein field equation. However, here we will explore two proofs which show that geodesic motion is
indeed a consequence of Einstein's equation. The mathematical statement and proof of this hypothesis gives insight on the concept of point particles in general relativity.

Ehlers-Geroch Gralla-Wald

Here we consider an extension given by Bezares et al. of the original theorem.
This is a proof by contradiction which shows that if we have matter supported on
a world tube of a timelike curve, and we suppose this world tube can be shrunk
down to the curve, then the curve must be a geodesic in the background metric.

1. There exists a sequence g, of Lorentzian metrics in M(U) (the space of
smooth metrics on U C M) such that g, converges to g in the topology
induced by the metric d,u.

2. Each metric g, has an Einstein tensor (NG, satisfying Ny. (MG, =0. We
assume that ("' G,, # 0 near ~ and that its support, spt((”) G,p), is contained
in U, (a tubular neighborhood of + of radius 1/n).

3. There exists a foliation of U by spacelike hypersurfaces.

4. For every n the tensor (") G, satisfies an “averaged dominant energy
condition” meaning along each g,-timelike curve % near v there exists a

constant K,(¥) such that [, max, (G, (M dA < Ky(7) J5 (") G,pt?t? (M) 47

Lemma 1 (Properties of x, t, 3).

Let v be a timelike curve with unit tangent vector field u on a spacetime (M, g),
and define A = V u. Assume that A(py) # 0 for some py € . Then, there exists
vector fields t, x, 3 near py such that:

At the point py we define t? = u?, x? = |A77, 3% = 0. They are transported along
the curve according to V,t = 0,V ,x = 0, V3% = up(x°t? — x?tP). They are
Killing along ~v and B = ¢t + 1)x. Moreover, there exist points p_ and p, on
either side of py such that ¢(p+) > 0 and ¥(p.) = —Y(p_). See Figure 1.
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Figure 1: World tube around ~.

Theorem 2 (Ehlers-Geroch).

Suppose the above assumptions hold. Furthermore assume that K,(%) is bounded
independently of n and that the following “stabilized ratio condition holds”
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vector v?, and any future-directed g,-timelke vector w?, where 1° is the
gn-unit-normal vector field. Then the curve v is a geodesic.

< oo for all g,-spacelike hypersurfaces ¥ and ¥/, any

Outline of Proof

Aiming for a contradiction, suppose there is a point py as in the lemma. An
important quantity in the proof is the total energy-momentum flux along a vector
field & through a spacelike slice 2 of U.

P(£,Y) = /Z GapPn? dX

Also define m, := P, (t,X,) where X is the leaf of the foliation through py. This
function has three useful properties.

1. We have lim,_o —|Pa(t,X) — m,| = 0.
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3. If a vector tield £ vanishes on > N~y = p then lim,_, ‘P”(nf’z)‘ —

2. If £ is a Killing vector field for g along ~, then lim,_,

Now we define a particular sum KC, of the total energy fluxes along the vector
fields x, t, 8 through the surfaces 2,2, 2_ and we use these properties to

estimate the limit lim,_, ’nf— in two different ways. One way gives lim,_, ’nf— =
whereas the other gives lim,_, an— + @y + ¢_‘ = 0, which gives a contradiction.

Outlook and Perspectives

The key idea of this proof is to consider a 1-parameter family of metrics g,5( ),
where the parameter A is chosen to capture the idea of a body shrinking to a
curve in a self-similar way as A — 0. We then consider the Einstein equation to
first order in A.

1. Existence of the “ordinary limit": g,,(\) is such that there exists coordinates
x® such that g, (), x%) is jointly smooth in (), x%), at least for r > R\. For
all X and r > R\, g.s()\) is a solution to Einstein's equation. Furthermore,
g (A = 0,x%) is smooth in x“, including at r = 0, and, for A = 0, the curve
~v defined by r = 0 is timelike.

2. Existence of the “scaled limit”: for each ty, define t = (t — ty)/\, X' = x'/ .
Then the metric gz5()\; to; X*) = A °gan(\; to; X*) is jointly smooth in
(N, to; %) for F=r/X\ > R.

3. Uniformity condition: each component of g,;(\) in coordinates x* is a jointly
smooth function of the variables (&« = r, 3 = A/r) at (0,0) and fixed t, 0, ¢.

Lemma 3 (Far-zone Expansion).

The uniformity assumption allows us to expand g.p(\) in a Taylor series in the
variables (o, B) around (0,0). The lowest order terms are explicitly

g26(A) =(aap)oo(t) + (aas)io(t, 0. d)r + O(r*)
# | @as)o(t,6,0). + (2us)u(t,6,9) + O(1)

+ O(\%)

We choose coordinates where g.s(A = 0,x' = 0) = (aus)oo(t) = Nag. Then our
expansion has the form

g0t = Nag + O(r) + Ahag + O(N?)
where h,3 = Co‘ﬁ(tr’e’gb) - O(1).

Let g.p(N\) be any one-parameter family of metrics satisfying the assumptions.
Then to first order in A\, the far-zone metric perturbation h,, corresponds to a
solution to the linearized Einstein equation with a point particle source.

B)(x’ , , _ _
T, = Mu,up’ \/%)(31; where M is a constant and u?® is the 4 velocity of v, which

must be a geodesic if M £ 0.

Outline of Proof

From our first assumption h,p, is a solution to the linearized vacuum Einstein
equation, with linearization taken around gu,(A = 0), for r > 0. In fact, each
component h,3 is a locally L' function, including at r = 0. Thus h,p is well

defined as a distribution. This lets us define T,, = Gc,fé)[hcd]/&r as a distribution
as well. lts action on a test tensor field is given by

81 T(f) = / G fg]h?P/—g d*x
M

Evaluating this integral over a region r > ¢ > 0 and taking the limit as ¢ — 0
yields

T(f) = / dtNab(t)fab(t, r = 0)

Where N,4(t) is a smooth, symmetric tensor field on v whose components are
given in terms of angular averages of c,5 and its first angular derivatives. Now
notice that V2T, = 0 implies T(f) vanishes if f,, = V,f, Furthermore, by
careful choice of test functions we find N,, = M(t)u,up, putting these
observations together we conclude

O:/dtM(t)Ub(uavafb)

Integrating by parts and using that f? is arbitrary gives u?V ,(M(t)u) = 0 and
% = 0, thus if M # 0 we have wV.u?P =0, ie. 7 is a geodesic of g (A = 0).

We have seen two proofs of geodesic motion. The Ehlers-Geroch proof makes explicit conditions on the energy content and is expressed in a coordinate-free way, but is by
contradiction not construction. On the other hand, the Gralla-Wald proof provides a perturbative construction of the trajectory of a body which allows us to study the
dynamics of extended bodies by considering higher order terms. Peter Hintz has recently used gluing to construct a spacetime that satisfies the Gralla-Wald assumptions.
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