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Key points of interest

general relativistic behavior/description of an elastic
material

response to the incidence of a gravitational wave
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Classical (linear) Elasticity
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Classical (linear) Elasticity

x1

x2

x3

u⃗ ξ⃗x⃗

configuration x⃗ in terms of displacement: x⃗ = ξ⃗ − u⃗
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General Relativistic Elasticity

(M, g)

fA(xµ)

xµ
XA

(B, γ)

vµ

configuration map: f : M → B : xµ 7→ fA(xµ) := XA

deformation gradient: ∂µfA(xν) : TxM → TXB
∃!vµ ∈ TxM : vµ∂µf

A(xν) = 0
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Spacetime Deformation Tensors

(M, g) (B, γ)

γ
cµν := ∂µf

A∂νf
BγAB

(cµν)
−1 = bµν

Finger deformation tensor: bµν

left Cauchy-Green deformation tensor: cµν
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Material Deformation Tensors

(M, g) (B, γ)

g−1
BAB = ∂µf

A∂νf
Bgµν

CAB = (BAB)−1

right Cauchy-Green deformation tensor: CAB

Piola deformation tensor: BAB
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Strain tensor

(M, g) (B, γ)

g EAB := 1
2
[CAB − γAB]

eµν = EAB∂µf
A∂νf

B

Almansi strain tensor: eµν
Green-Lagrange strain tensor: EAB
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Stress Energy Momentum Tensor

Tµν = ρvµvν − σµν

energy density

four velocity

Cauchy-stress
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Recovering the Classical Wave Equation

Assumptions

(M, g) → (R4, η) and (B, γ) → (R3, δ)

fA(xµ) = xA − ϵuA(xµ)

small displacements (ϵ � 1)

ρ = n(m0 + ϵ2e), particle number density n, rest mass
m0, elastic energy e

stress-strain relation for homogeneous and isotropic
materials:

ςij = 2µEij + λEk
kδij

Lamé parameters Green strain tensor
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Divergence of the Stress Energy Momentum Tensor

∂µT
µν = wvν∂µ(nv

µ) + nvµ∂µ (wv
ν)− ∂µσ

µν = 0

∂µ(nv
µ) = 0 vµ = (1, ϵ∂tu

i) ∂µσ
µν = ϵ∂µς

µν

wave equation (neglecting O(ϵ2))

∂µT
µj = ρ0∂ttu

j −
[
µ∆uj + (µ+ λ)∂iku

kδij
]
= 0
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Weak Field Plane Wave TT Coordinates

∇µT
µν = ∂µT

µν + Γµ
αµT

αν + Γν
αµT

αµ = 0

O(ϵ2)

wave equation (neglecting O(ϵ2))

∇µT
µj = ρ0∂ttu

j −
[
(λ+ µ)∂iku

kδij + µ
(
∆uj + ∂ih

ij
)]

= 0

transversality condition: ∂ihij = 0

no gravitational wave contribution
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So the bulk equations of motion are the same as
those in flat space. Does that mean that the GW has
no influence at all?

... No, because the boundary conditions are different
from those of flat space.
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Example: One Dimensional Rod with Length L

no normal forces on the boundary:

T µνnν |∂B
!
= 0

=⇒ σijnj|∂B
!
= 0

nνv
ν = 0

=⇒ σxx|x=±L
2

!
= 0

nj = (±1, 0, 0) rod boundaries

σxx|x=±L
2
= (λ+ 2µ)∂xu|x=±L

2
+ µhxx|x=±L

2

!
= 0

ansatz: u(t, x) = β(t)x+ δu(t, x)

gravitational wave normal incidence: hxx|x=0 = cosωt
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σxx|x=±L
2
= ∂xδu|x=±L

2
+ β(t)(λ+ 2µ) + µhxx|x=0

!
= 0

Neumann BC: ∂xδu|x=±L
2
= 0 β(t) = − µ

2µ+λ
cosωt

for ∇µT
µj = 0 one finds

∂ttδu− λ+ 2µ

ρ0
∂xxδu = − µω2

λ+ 2µ
x cosωt

inhomogeneous wave equation for δu

internal force as result of the gravitational wave
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Solution for the Displacement

u(t, x) =

[
−c1
ω
sec

(
ωL

2c1

)
sin

(
xω

c1

)]
c22
c21

cos(ωt) .

c1 =
√

λ+2µ
ρ0

and c2 =
√

µ
ρ0
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Computations

Christoffel symbols (GW)

Γµ
νρ =

ϵ

2

(
h

′ µ
ρ κν + h

′ µ
ν κρ − h

′

νρκ
µ
)
+O(ϵ2)

Cauchy stress (rod example)

σijnj = [λ(∂ku
k)δij + µ(∂iuj + ∂iuj)]nj + µhijnj = 0



Weak field plane wave TT

Overview of the main assumptions considering
gravitational waves:

1. Small perturbation close to the flat metric:
gµν = ηµν + ϵhµν with inverse gµν = ηµν − ϵhµν

2. plane wave: hµν = hµν(καx
α) with κµ = ωGW (−1, n⃗)

where |n⃗| = 1 and ηµνκµκν = 0

3. Transverse and traceless (TT) gauge condition
3.1 h0µ = hµ0 = 0 (synchronous gauge)
3.2 ηµνhµν = 0 (zero trace)
3.3 ∂µhµρ = h

′
µρκ

µ = 0 (transversality condition)
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