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Ray Propagation in Plasma 2

It is useful to apply the Hamiltonian formalism with
Hamiltonian in the form1

H(xα, pα) =
1

2

[
gβδpβpδ + ω2

pl(x
α)
]
,

where gβδ is the spacetime metric, xα are the spacetime
coordinates, pα denotes the wave vector, and

ω2
pl =

e2N(x)

ε0me

is the plasma electron frequency. To propagate through a
medium, wave frequency ω(xα) must obey ω(xα) > ωpl(x

α).

Hamilton equations of motion are

dxα

dλ
=
∂H
∂pα

,
dpα
dλ

= − ∂H
∂xα

.

1Based on Synge [1960].



General Axially Symmetric Stationary Metric 3

An arbitrary axially symmetric stationary object can be
described by the metric in a general form

ds2 =−A(x1, x2)dk
2
1 +B(x1, x2)dx

2
1 + 2P (x1, x2)dk1dk2+

+ C(x1, x2)dk
2
2 +D(x1, x2)dx

2
2.

B(x1, x2), D(x1, x2) – positive functions of x1 and x2,
A(x1, x2), C(x1, x2), and P (x1, x2) – generally of an arbitrary
sign
Notice, e.g. dependence on angular momentum a.

Let us further assume that plasma frequency ω2
pl(x

α) is solely

function of coordinates x1 and x2, i.e. ω2
pl(x1, x2).



Constants of Motion 4

From the equations of motion one gets

∂H
∂k1

= 0 → pk1 ,

∂H
∂k2

= 0 → pk2 .

Let us further denote pk1 ≡ −ω0, pk2 ≡ pκ.
It holds

H(xα, pα) = 0.

To get a closed (separated) system of equations, one more
parameter is needed – Carter constant K.



Hamilton-Jacobi Equation 5

H(xα, pα) → H(xα, ∂S∂xα )
Assume S can be separated as follows:

S(k1, k2, x1, x2) = −ω0k1 + pκk2 + Sx1(x1) + Sx2(x2).

Then, the Hamilton-Jacobi equation takes the form

0 =
1

2

[
1

B(x1, x2)

(
∂Sx1
∂x1

)2

+
1

D(x1, x2)

(
∂Sx2
∂x2

)2

+ ω2
pl(x1, x2)+

(1)

+
p2κA(x1, x2)− ω2

0C(x1, x2)− 2ω0pκP (x1, x2)

A(x1, x2)C(x1, x2) + P 2(x1, x2)

]
.



Separation of Variables 1/2 6

To obtain terms associated with partial derivatives of Sx1 , Sx2
solely as functions of x1 and x2, let us multiply (1) by an
arbitrary function F (x1, x2) to get

0 =
1

2

[
F (x1, x2)

B(x1, x2)

(
∂Sx1
∂x1

)2

+
F (x1, x2)

D(x1, x2)

(
∂Sx2
∂x2

)2

+

+
F (x1, x2)

(
p2κA(x1, x2)− ω2

0C(x1, x2)− 2ω0pκP (x1, x2)
)

A(x1, x2)C(x1, x2) + P 2(x1, x2)
+

+ F (x1, x2)ω
2
pl(x1, x2)

]



Separation of Variables 2/2 7

Function F (x1, x2) has to be such that

F (x1, x2)

B(x1, x2)
≡ F(x1) ∧ F (x1, x2)

D(x1, x2)
≡ G(x2)

→ B(x1, x2)

D(x1, x2)
=
G(x2)

F(x1)
.

Moreover,

F (x1, x2)

A(x1, x2)C(x1, x2) + P 2(x1, x2)
X(x1, x2) = Xx1 +Xx2 ,

where X(x1, x2) stands for A(x1, x2), C(x1, x2), and P (x1, x2),
and

ω2
pl(x1, x2) ≡

fx1(x1) + fx2(x2)

F (x1, x2)
.



General Form of the Carter Constant 8

Using the new forms of corresponding terms gives

F(x1)

(
∂Sx1
∂x1

)2

+ fx1(x1) + p2κAx1 − ω2
0Cx1 − 2ω0pκPx1

= −G(x2)

(
∂Sx2
∂x2

)2

− fx2(x2)− p2κAx2 + ω2
0Cx2 + 2ω0pκPx2 ≡ −K.



Photon Region 1/3 9

Starting from the Hamilton equation

ẋ1 =
∂H
∂px1

=
px1

B(x1, x2)
,

we find

B2(x1, x2)F(x1)ẋ
2
1 = −K − fx1 − p2κAx1 + ω2

0Cx1 + 2ω0pκPx1 ≡ R(x1)

Condition ẋ1 = ẍ1 = 0 leads to

pκ =
ω0P

′
x1

A′x1

(
1±

√
1−

A′x1
P ′2x1

(
f ′x1
ω2
0

− C ′x1

))
,

K =
Ax1
A′x1

(
f ′x1 − ω

2
0C
′
x1

)
+ ω2

0Cx1 + 2
ω2
0P
′
x1

A′x1

(
Px1 −

Ax1P
′
x1

A′x1

)
×(

1±

√
1−

A′x1
P ′2x1

(
f ′x1
ω2
0

− C ′x1

))
− fx1 .



Photon Region 2/3 10

From

ẋ2 =
∂H
∂px2

=
px2

D(x1, x2)

→ D2(x1, x2)G(x2)ẋ
2
2 = K − fx2 − p2κAx2 + ω2

0Cx2 + 2ω0pκPx2 ,

so it has to hold

K − fx2 ≥ p2κAx2 − ω2
0Cx2 − 2ω0pκPx2 . (2)

Notice that we can omit the multiplication of function G(x2) on
both sides of formula (2).



Photon Region 3/3 11

Plugging the expressions for K and pκ obtained above leads to

Ax1
A′x1

(
f ′x1
ω2
0

− C ′x1

)
+ Cx1 −

fx1 + fx2
ω2
0

+

+2
P ′x1
A′x1

(
Px1 −

Ax1P
′
x1

A′x1

)(
1±

√
1−

A′x1
P ′2x1

(
f ′x1
ω2
0

− C ′x1

))
≥

−Ax2
A′x1

(
f ′x1
ω2
0

− C ′x1

)
− Cx2+

+2
P ′x1
A′x1

(
Ax2P

′
x1

A′x1
− Px2

)(
1±

√
1−

A′x1
P ′2x1

(
f ′x1
ω2
0

− C ′x1

))
.

At every point (x1, x2) where this condition holds, there exists a
spherical light ray and the photon region is formed.



The Orthonormal Tetrad 12

Let us introduce an observer located at (x1O, x2O) with
well-defined radial coordinate (i.e. outside the black hole
horizon) and an orthonormal tetrad

e0 = (Y1∂k1 + Y2∂k2)|(x1O,x2O) ,

e1 =
1√

D(x1, x2)
∂x2

∣∣∣∣∣
(x1O,x2O)

,

e2 = (Y3∂k1 + Y4∂k2)|(x1O,x2O) ,

e3 = − 1√
B(x1, x2)

∂x1

∣∣∣∣∣
(x1O,x2O)

.

Coefficients Y1, Y2, Y3, Y4 are chosen such that the
orthonormality conditions g(e0, e0) = −1, g(e2, e2) = 1,
g(e0, e2) = 0 hold.



Black Hole Shadow 1/3 13

The tangent vector of light ray λ(s) is

λ̇ = ẋ1∂x1 + ẋ2∂x2 + k̇1∂k1 + k̇2∂k2 .

Moreover, there is also the tangent vector at the observation
event

λ̇ = −αe0 + β(sin θ cosψe1 + sin θ sinψe2 + cos θe3).

α, β – positive factors
θ, ψ – the colatitude and the azimuthal angle (the celestial
coordinates of the observer)



Black Hole Shadow 2/3 14

The light rays are parameterized as g(λ̇, λ̇) = −ω2
pl and thus

α2 − β2 = ω2
pl

∣∣
(x1O,x2O)

.

Furthermore, α can be derived as

α = g(λ̇, e0) = Y1(k̇1gk1k1 + k̇2gk1k2) + Y2(k̇1gk1k2 + k̇2gk2k2)

= Y1(−ω0) + Y2pκ,

and then

β =
√

(−Y1ω0 + Y2pκ)2 − ω2
pl.



Black Hole Shadow 3/3 15

Comparing factors of ∂x1
and ∂k2

in different expressions of λ̇ yields

ẋ1 = −β cos θ
1√

B(x1, x2)
,

k̇2 = −αY2 + β sin θ sinψY4.

After plugging into these general formulae, one gets

sin θ =

(
1 +
K+ fx1 + p2κAx1 − ω2

0Cx1 − 2ω0pκPx1

F (x1, x2)((−Y1ω0 + Y2pκ)
2 − ω2

pl)

)1/2
∣∣∣∣∣∣
(x1O,x2O)

,

sinψ =
(Ax1 + Ax2 + F (x1, x2)Y

2
2 )pκ − (Px1 + Px2 + F (x1, x2)Y1Y2)ω0

F (x1, x2)Y4

[
F (x1, x2) (−Y1ω0 + Y2pκ)

2 + K− fx2 + p2κAx1 − ω
2
0Cx1 − 2ω0pκPx1

]1/2



Conclusions 16

I General conditions for the existence of the Carter constant
in an axially symmetric stationary spacetime in plasma
were derived.

I The necessary conditions on the form of the spacetime
metric and plasma density are independent.

I General forms of the photon region and black hole shadow
under defined conditions were obtained.



Particular Examples 17

I Kerr Metric (Perlick and Tsupko, 2017)

I Hartle-Thorne Metric

In both cases
x1 = r, x2 = ϑ, k1 = t, k2 = ϕ.



Kerr Metric 18

B(r, ϑ) =
ρ2

∆
, D(r, ϑ) = ρ2,

F (r, ϑ) = ρ2, F(r) = ∆, G(ϑ) = 1,

Ar = −a
2

∆
, Cr =

(r2 + a2)2

∆
, Pr = −a(r2 + a2)

∆
,

Aϑ = sin−2 ϑ, Cϑ = −a2 sin2 ϑ, Pϑ = a,

where ∆ = r2 + a2 − 2Mr, ρ2 = r2 + a2 cos2 ϑ.



Kerr Metric 19

Assuming that ω2
pl(r, ϑ) = (fr + fϑ)/F (r, ϑ), applying the

general formulae gives

F(r)

(
∂Sr
∂r

)2

+ fr + p2ϕAr − ω2
0Cr − 2ω0pϕPr =

∆

(
∂Sr
∂r

)2

+ fr −
1

∆
(apϕ + (r2 + a2)ω0)

2,

and

−G(ϑ)

(
∂Sϑ
∂ϑ

)2

− fϑ − p2ϕAϑ + ω2
0Cϑ + 2ω0pϕPϑ =

−
(
∂Sϑ
∂ϑ

)2

− fϑ −
( pϕ

sinϑ
+ a sinϑω0

)2
.

See (27) in Perlick and Tsupko (2017).



Hartle-Thorne Metric 20

A(r, ϑ) = A1JA − j21 sin2 ϑr2Jϕ, B(r, ϑ) = A−1
1 JB ,

C(r, ϑ) = sin2 ϑr2Jϕ, D(r, ϑ) = r2Jϕ,

P (r, ϑ) = −j1 sin2 ϑr2Jϕ, A1 = 1− 2M

r
+

2J2

r4
,

where

JA =

{
1 + 2P2(cosϑ)

[
j

(
1 +

M

r

)
+KQ2

2

]}
,

JB =

{
1− 2P2(cosϑ)

[
j

(
1− 5M

r

)
+KQ2

2

]}
,

Jϕ =

{
1 + 2P2(cosϑ)

[
−j
(

1 +
2M

r

)
+K

(
2M√

r(r − 2M)
Q1

2 −Q2
2

)]}
.

It can be seen that the ratio of terms B(r, ϑ) and D(r, ϑ) gives

B(r, ϑ)

D(r, ϑ)
=

JB

A1r2Jϕ
6= G(ϑ)

F(r)
.
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